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Woon Jun Wei INF 1004 Mathematics 2 : Tutorial #11 Question 1

Question 1

e Compute the eigenvalues and eigenvectors for the matrices below.

e For one of these matrices compute the matrix P such that P~'DP = A, and verify that PAP~! is the
diagonal matrix of the eigenvalues

A_'4 V15
VI 2
(2 -2
A*_73 1]
2 4
A=t

My Solution

Question 1 continued on next page. .. 2
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Part 1

1=l %]

4—X V15 0

V15 Q—J B

fN) =X —-6XA-7=0
A=7(A+1)=0

det [

A=7,-1
Ao=—1, AL =T,
A— (D) = [\/% Vzﬂ A= () = [\;135 ‘{1575}
- [ 3]
0 0 0 0
V152 + 321 =0 V15zg — 521 =0
20 = —\/%xl 20 = \/%xl
] =n [ 5] e
L el

Case: Symmetric Matix, 2 different eigenvalues, 2 eigenvectors
Eigenspaces are orthogonal, Check: vg; = —15 4 v/15/15 =10

Eigendecomposition

5
)\1:_17U1:|:\/E:|7 )\2:7;U2:|:\/ﬁ:|

1 | -3 5
p —[Ul U2]— \/ﬁ \/ﬁ
-1 0
D:
o
1 5
p=@p")'= \/7r1 \/*|:\/ﬁ 5]:[28 Séﬁ‘|
-3V15-5V15 | /15 —3 5 5
Verify:
1 5
pipp_ |3 5 1[-1 0|5 sym|_[4 VI5]_,
VIs Vs [0 7|t 2| T v 2
1 5 1 5
pAP ' =| 8B 8B [4 \/ﬁ] VAT :[_1 O]ZD
soaml WIS 205 mm LO7

Question 1 continued on next page. .. 3
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Part 2

2—-A
-3

—2
1—A}:O
FOO)=X=31-4=0

A=4)A+1)=0

det [

SA=4,-1
A= -1,
3 -2
T
3 -2
0o
3560—21‘120
_2
Lo 3$1
2
i) _ 3
=]

.U_[2
..1—3

|

Eigenspaces are not orthogonal, but matrix is not symetric

So even though we get 2 eigenvalues and 2 eigenvectors, it is okay that the eigenvectors are not orthogonal

to each other.

Eigendecomposition

2 1
wect=fl e[
2 1
—1 —
p —[1)1 'UQ]—|:3 _1]
-1 0
D:
o
-1 =1 1 1
SRS IR
=l 2Tl
2 17[-1 o][%: &
ror-[ 2104
3 -1]10 4][2 -2
_ L1 2 =212 1
rar =8 5] 1% V][ 2
5 Tl LT -

Ao = 4,
-2 =2
A— DI =
O
[2 2
L0 o0
—21’0—21’1:0
To = —aI1
Zo — -1
X1 - 1

1
-1

Question 1 continued on next page. ..
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Part 3

2-\ 4
det[ 4 —6—)\}_0
fA) =N +4\+4=0
A+2)(A+2)=0
A=—-2,-2

4$0 741‘1 =0

Ty = T1

FEigenspace just one dim, but matrix is not symmetric
So it is okay that we do not have 2 eigenvalues nor 2 eigenvectors. (We cant compute D since there is only
1 eigenvector)
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Question 2

e Compute an eigenvector for the eigenvalue & = 3 for the below (3, 3)-matrix. Note: nobody asks you
to compute its characteristic polynomial or to get all of its eigenvalues (Prof did it)

e Validate that the found eigenvector v is indeed the correct one, that is, that Av = 3v holds.

My Solution

I-Xx 0 1
A=X=| 0 1-x -1
2 44—
A= =X+ 4672 — 11N +6=0
f(3)=3"-6-324+11-3+6=0

When A = 3,
-2 0 17
A-3I=|0 -2 -1
2 4 1 ]
-2 0 1
=10 -2 -1
L0 0 0 |
1%t row: —2x0 4+ 29 =0= 209 = %;Q
2nd row: —2p1 — a0 =0 = 1 = _%x2
o %
1| = X2 —%
T2 1
1
v=|[-1
2
Verify:
1 0 1 1 1
0 1 -1 1|l =31-1
2 4 4 2 2
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Question 3

e Show that this matrix has only the eigenvalue 1, twice.

e Prove that there cannot exist any matrix P such that P~'DP = A. Hint: You know how D in P~'DP
must look like

e Find an eigenvector

Bonus knowldge: Shear matrices have an eigenspace of dimensionality d — 1. In the above case the set of all
eigenvectors must be cv, ¢ € R for some vector v.

My Solution

F) = (A =12 =0

So only A =1 is a solution. It has 2 eigenvalues equal to 1 (eigenvalue ‘1° has algebraic mutiplicity of 2)

Suppose P exists such that P~!DP = A, then D = Ll) (1)]

P 'DP=P'IP=P'P=1
But A is not the identity matrix. So there cannot exist any P as assumed above (Proof by Contradiction)

o 1
AIk J

O-20+1-21=0=21=0
ZTo| 1
I o 0

1
.~ eigenvector v = [ O}
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Question 4

Question 4

Show that

e has no real eigenvalue

e Bonus: what are its complex-valued eigenvalues?

My Solution

A_AIZ[QQA _4]

By

FO)=A=2)A+4) =2 +22+5=0

—2 4 i(4)

\ -2)+/(2?2—-4-5 —24+2V5 -2+/-1V16
N 2 N 2 N 2 N
There are no real eigenvalues.

2

1+2¢
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Question 5
Bonus Matrix:
o Get its eigenvalues and eigenvectors

Note: This is a symmetric one, so you can expect 2 eigenvalues and orthogonal eigenspace

a2 V24
V24 8
My Solution
-2 V24
A‘{ 24 8]
C[-2-x V24
A‘”[m 8—/\]

FO)=A+2)A=8) =X -6A—40= (A —10)(A+4) =0
SoA=10or A= —4

A —dl :LQF \/;] A-M:L_/% {2;4]
_[vaa _[-12 v
V240 + 1224 £ : } —12z0 + V24, ([ : :
-[ ] =[]
- [ o[ ]
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Question 6

Question 6

e Use numpy to get its eigenvalues and eigenvectors

e Solve Ax = (3,17,1/3) using numpy

e Not in exam:

Compute the characteristic polynomial for

My Solution

FO) ==X +2X2 + 2204+ 19

10
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Question 7
What is the cosine of the angle between

(6,—6, —4,v/12), (6,4, 2,/25)
My Solution

11
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Question 8

Another 3x3 affine system

1
e Show the intermediate result when the first column is the one hot vector |0| for the first time
0

e Show the intermediate result when the matrix has row echelon form for the first time
e Get the solution
20 —3y+2z2=—-4
Tr+4.5y — 1z =16
dr+3y+z2=2

My Solution

12



