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Question 1

Question 1

Compute AT A for

My Solution

Part 1

Part 2

ATA=11
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Question 2

Compute the inverse of

Use this inverses to solve

]

[

Note: it is not common to solve Az = b using matrix inversion.

Reasons:

e Ax = b can be solvable when A is not invertible.
e It is often slower / more costly

My Solution

Part 1

[—2 —3]1 0 3
At Agx =
| -6 -4]0 1} oF H
1 1 1 2= o0 3
_ — 2 2 A*lA :Al
2/’17 4p2:> _% 1 0 _411:| 0 “Aox o g
3 1 21 0 2103
= Lo 115 1] = (1]
2 L0 31-% 1 5111
4 1 31-1 0 09
52 o 1]-2 1 ~|-16
3 1 0] 2 -3
pL— 5p2 = 3 1?}
2 Lo 1]-¢ 1
!
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Question 2 continued on next page. .. 3
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Part 2
3 111 0
A71
|2 2]0 1}
N _[3 1|1t
P2 T P1 13|11
1 1 1110
_ 3|3
3p1:>_1311}
(1 3]3 0
P — p2 = S
L0 13 §
3 (1 2|1 0
e [V
8 L0 1|1 2
1 (1 0%+ -1
p1L— P2 = i §}
3 Lo 1]+ 2
Lo oL
el 3
4 8

Sample Solutions

A:
det(Ao) = (=2)(—4) — (=3)(-6) = —10
Aot = det(lAO) [_64 _32]
e
- le 4[]
- [—0196]
FORMULA:
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Question 3

Question 3

Compute the determinant of

1 2 -1
A=12 0 2
4 3 1|
2 —4 3]
A=1[1 1 1
L 1]
(1 0 1
A= 3
-1 3 2
1 2 3
A=|-5 —-10 -15
6 12 18

e Are they Invertible?
e Which of them has full rank? Which of them has lower rank and which one?

Notes:

e Rank is the number of linearly independent rows or columns.

e A matrix is invertible if they have full rank.

Sample Solutions

Part 1 Part 2
L9 1 Ly 2 4 3 11 -1
20_2—>01_1 1 1 1)=f0 1 —%
B 1 1
4 3 1 00 0 3 3 00

det(A) =0+ 16— 6 — (0 + 6+ 4)

0 det(A) =2—14+9—9—6+14

=—12

This matrix is not invertible. Rank is 2. This matrix is invertible. Rank is 3.

Question 3 continued on next page. .. )



Woon Jun Wei INF 1004 Mathematics 2 : Tutorial #10 Solutions

Question 3 (continued)

Part 3

N =
w w O
o = O
— =

det(A) =6+0+6+3—6-0
=9

This matrix is invertible. Rank is 3.

Part 4
1 2 3 1 2 3
-5 —-10 —-15| — |0 O O
6 12 18 0 0 O

det(A) = —180 — 180 — 180 + 180 + 180 + 180
=0

This matrix is not invertible and has rank 1.
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Question 4

Question 4

For what value a the matrix is not invertible?

My Solution

A matrix is not invertible if its determinant is zero.

det(A) =2a—244+2+3a—4—-38

=bha — 34
56 —34 =0
34

= — =068
=3
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Question 5

Compute and apply the Householder matrix which makes transforms the first column of to a multple of the

1
first one-hot vector |0| for
0
1 2 -1
A=12 0 2
2 3 1
and for (hint: here subtracting is nicer)
1 -4 3
A=13 1 1
V6 1
Formula:
=],
2
H,=1- —uwu"
U-u
Properties of H:
Hyx = F ||z||, 2 H maps x to F |z| z given u = z £ |z|z
H] H, = I His an orthogonal matrix
H, = H, His a symmetric matrix
Example:

o =V32+42=+25=5

3 1 -2 . 3 1 8 e
u= _4} +5 {O} = [4 ] (Choose Minus) u= _4} +5 [0} = LJ (Choose Positive Sign)
1 0 2 -2 1 0 2 8
H= S — _ H= s
= NI b ) - wEra i) b
[t o] 2[4 -8 [t o] 2 fe4 32
0 1] 20|-8 16 10 1] 80 (32 16
o6 0.8 _ [-0.6 —0.8]
~ 0.8 —06 ~|-08 06
0.6 087[3 1 —0.6 —0.8][3 1
HA= 0.8 —0.6] [4 4} A= |—0.8 0.6 | [4 4]
_[5 38 [-5 -3.8
o 0 —1.6 - 0 —1.6

Question 5 continued on next page. .. 8
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Part 1
Part 2
17 1
w= 2] £(1,2,2)] |0 ! N
9 0 u=z—|z[z=|3|—-4]|0|=]3
o 1 V6 0 V6
= 2| £ V12422422 |0 H=1I-—uu"
2] 0 -3
~ 2
1 1 =I-g5; (3|3 3 Vi
=12l =310 V6
2] 0 (1 3 6
- 4 4 4
1 3 —| 3 1 _ e
4 4 4
=21 -0 V6 V61
_2_ 0 L 4 4 2
(4 % %
—2 HA= |0 x x
=2 10 * =
2
2 |72
H=I-Z—uw =I—-|2]|[-2 2 2 1 1 X
12 6 9 u=x+|zllz=|3 | +4|{0] =] 3
6 0 V6,
NEE )
=I—-|-4 4 4 H=I—-—uu'
u.
—4 4 4 SR
1o 0] (4 -4 |3 4 s
=01 0j 5|4 4 4 g5 a2
0 0 1 —4 4 4 L 010
12 2 —4 *x %
i HA= |0 %
30103 L0 * «
L3 3 3
3 267 167
HA= |0 —067 —0.67
0 233 —1.67
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Question 6

Question 6
Verify that

1 0 0
A=10 cos(a) —sin(a)
0 sin(a) cos(a)

Satisfies being an orthogonal matrix.
Note: Cannot use determinant to verify.
Sample Solutions

[1 0 0 1 0 0
ATA= 10 cos(a) sin(a)| |0 cos(a) —sin(a)

|0 —sin(a) cos(a)] [0 sin(a)  cos(a)
[1 0 0

=10 cos?(a) + sin?(a) —sin(«) cos(a) + sin(«) cos(a)
10 —sin(a) cos(a) + sin(w) cos(a) sin?(a) + cos?(a)
1 0 0

=(0 1 0
0 0 1

Thus A is an orthogonal matrix.

10
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Question 7
What is the cosine of the angle between

(6, —6, 4, \/ﬁ) , (6,4,2, \/%)?
My Solution

-

cos(£(d,))

QL
S

IR
B 6-6+(—6) -4+ (—4)-2+V12-V25
\/62+(—6)2 +(—4)? +\/ﬁ2\/62 42422 4 V25
3624 —8+5/12
v/100+/81

_ 4+5V12
90

~ 0.24

11
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Question 8
Another 3 x 3 affine system

e show the intermediate result when the first column is the one hot vector [1 0 O] for the first time
e show that the intermediate result when the matrix has row echelon form for the first time

e get the solution

20 —3y+2z2=—4
Tx+ 4.5y — 12 =16
dr+3y+z=2

My Solution

) (1 -3/2 1| -2
g/ = | T 45 —1)16
| 4 3 1) 2|
1 -3/2 1| -2
(D)p2 —Tp1,p3—4p1 = | 0 15 =8| 30
L0 9 —-3| 10
) ) (1 —3/2 1| -2
5P g = | O 1 —8/15 2
|0 -3 1] -2 ]
(1 —3/2 1 2
(ii)ps +3p2 = | 0O 1 —-8/15 2
40
L 0 0 1] -2 ]
1 -3/2 1| -2
prt s = | 0 10| —32
L 0 0 1|-%
5 (10 0 -4
prtgp2—ps = | 0 10 -3
L0 0 1]-%
17
oD
Y| = —%
? 9
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